Modern portfolio theory focuses on the relationship between risk and return, assuming away ambiguity, uncertainty over the probability space. This paper assumes that ambiguity affects asset prices and tests the relationship between risk, ambiguity and return based on a model developed by Izhakian (2011) . Its contribution is twofold; it proposes an ambiguity measure that is derived theoretically and computed from stock market prices. Second, it uses ambiguity in conjunction with risk to test the basic relationship between risk, ambiguity and return. This paper finds that ambiguity has a consistently negative effect on returns and risk mostly has a positive effect. 
Introduction
The fundamental relationship between risk and return of the market portfolio in the mean-variance paradigm is given by the following equation 
where m r is the return on the market portfolio, f r is the risk free rate, 2 m  is the risk of the market portfolio and     is a measure of risk aversion of a representative agent (or, an aggregation of risk aversion coefficients of investors). This linear relationship has been subjected to several time series empirical tests. Merton (1980) and French, Schwert and Stambaugh (1987) are two classic examples of studies that conducted such tests. While Merton (1980) focuses on estimation issues with the expected market return, French at al. (1987) focus more on alternative measures of risk (volatility) . In general, the tests of the risk-return relationship have low R 2 and some of these tests result in negative coefficients of absolute risk aversion.
We believe that a missing factor that determines the expected excess return presented in equation (1) is ambiguity (the so called Knightian uncertainty) and the attitude towards it.
Though there is an abundance of research on various aspects of ambiguity and ambiguity aversion, there is almost no empirical work providing a measure of ambiguity and incorporating such a measure in tests of the relationship between risk and return.
In this paper we introduce a measure of ambiguity, which is an additional factor determining the expected excess market return (also termed the equity premium). Equation (2) below is the expanded version of Equation (1) 
where 2  measures the degree of ambiguity and     is a measure of investors' attitude toward ambiguity. This measure is an outcome of the theoretical model developed by Izhakian (2011) .
The results are highly significant, challenging the conventional wisdom on investors' attitudes towards ambiguity. To the best of our knowledge, our study is the first empirical study that uses market data to measure ambiguity based on a theoretically derived model that combines risk and ambiguity.
Modern portfolio theory, until recently, has practically ignored the Knightian distinction between risk and uncertainty. There were some exceptions like the collection of papers in a book edited by Bawa, Brown and Klien (1979) . These papers, however, focus on estimation risk, how to correct for it, and how to incorporate it in portfolio selection or how it may affect capital market equilibrium. They did not deal with ambiguity and how it may affect asset prices and the relationship between ambiguity and return. Should ambiguity be priced? Can we separate risk and risk attitudes from ambiguity and attitudes toward ambiguity? How can we measure ambiguity? These are questions that, to the best of our knowledge, are still open and, in this paper, we try to deal with them.
In recent years there is a surge in research that tries to incorporate Knightian uncertainty naming it ambiguity or 'model risk'. For example, Uppal and Wang (2003) , Epstein and Schneider (2008) and Ju and Miao (2011) support the model by calibration to the data.
Anderson, Ghysels and Juergens (2009) and Dreschsler (2010) , use proxies for 'model risk' like disagreement among analysts. Our approach is different, we measure ambiguity using market data.
The paper by Izhakian (2011) provides the theoretical underpinning of our paper which focuses on issues of ambiguity measurement and tests of risk-ambiguity-return relationships. In his paper Izhakian (2011) introduced a novel model of ambiguity, called Shadow probability theory (henceforth Shadow Theory) and studied how it affects investors' choices. The model provides a measure for the degree of ambiguity which is the center piece of the empirical tests that we employ in this paper. We focus on testing the effect of ambiguity on asset prices in a time series context while using the S&P500 index as a proxy for the market portfolio. Our empirical results show that this measure has a significant effect on stock market returns.
We assume a representative investor whose reference point is zero excess-return. Assets' excess-returns are classified as gains or losses. Excess returns lower than zero are considered a loss and excess-returns equal or higher than zero are considered a gain. All assets' excess returns are assumed to be normally distributed. However, the parameters governing the distributions, i.e., mean and variance, are unknown and assumed to be random.
We show that, ambiguity and the excess-return on the market portfolio (the equity premium) are negatively correlated which implies that the degree of ambiguity is taken into 5 account by investors when they price financial assets. It also implies that the representative investor, who holds the market portfolio exhibits ambiguity loving.
What is the evidence regarding investor's attitude toward ambiguity? It turns out that it depends on the states of nature that the investor faces. There is some evidence that an investor who faces a high probability of losses tends to embrace ambiguity, while if he faces a high probability of gains he may be ambiguity averse. Viscusi and Chesson (1999) found that people exhibit 'fear' effects of ambiguity for small probabilities of suffering a loss and 'hope' effects for large probabilities of loss.F 1 F Considering investors in the stock market, where the probability of loss is relatively high (around 50%), one would expect to observe ambiguity loving. Ivanov (2011) shows that more individuals exhibit ambiguity loving than ambiguity aversion. In particular, 32% are classified as ambiguity-loving, compared to 22% who are classified as ambiguity averse, the remaining 46% are considered ambiguity neutral. Assuming risk neutrality, Maffioletti and Michele (2005) also found ambiguity seeking in individuals' trading behavior.
Analyzing statistical information of probabilities about health insurance, Wakker, Timmerman and Machielse (2007) document that individuals are ambiguity seeking. In an experimental study of bidders' behavior Chen, Katušcák and Ozdenoren (2007) suggests that individuals are ambiguity seeking. In general, most behavioral studies find ambiguity loving behavior when there is a relatively high probability of suffering a loss.
Consistent with the above studies, our results show that investors are ambiguity lovers. In our study the average probability of loss is relatively high (almost 50%) and as found by Viscusi and Chesson (1999) , in such cases, investors are ambiguity loving. These findings are consistent with our theoretical model. When returns are symmetrically distributed, an investor who maximizes expected return minimizes the probability of loss. Therefore, when the probability of loss is relatively high, given two assets with identical risk, he prefers the asset with the random probability over an asset with known probabilities. Such preferences imply ambiguity loving.
The rest of the paper is organized as follow. Section 2 provides the theoretical framework. Section 3 discusses the data and the empirical methodology. Section 4 presents the empirical findings. Section 5 discusses the findings regarding investors' attitudes toward risk and ambiguity and Section 6 provides summary and conclusions.
The theoretical model
Recently, Izhakian (2011) introduced a novel model of ambiguity, called Shadow theory, which provides a measure of the degree of ambiguity. This measure is the center piece of the empirical tests that are conducted in this paper. Next we provide a detailed summary of the main principles of Shadow theory and how we use it in the empirical tests.
Preliminaries
The theory of financial assets prices is mainly based on the expected utility (von Neumann-Morgenstern (1944) and Savage (1961) ) paradigm, which assumes that decision makers know, or act as if they know, the probabilities of all states of nature. A basic issue with these models is that in reality the investor does not know the precise probabilities of events (see Ellsberg (1961) ), which means that individuals are exposed not only to risk but also to ambiguity (Knightian uncertainty). Several models that deal with decision making under uncertainty have been suggested. These include the subjective nonadditive probabilities of Gilboa (1987) , the Choquet expected utility (CEU) of Schmeidler (1989) , the multiple prior (MEU) of Gilboa and Schmeidler (1989) , the model misspecification of Hansen and Sargent (2001) and non-reducible second-order probabilities models of Segal (1987) and Klibanoff, Marinacci, and Mukerji (2005) ).F 2 F While this literature made a considerable contribution to understanding the decision maker's preferences toward ambiguity, a complete separation between ambiguity and risk, which enables to measure ambiguity empirically, has not been derived. Such a measure is necessary in testing the effect of ambiguity on asset prices.
Shadow Theory provides a measure of ambiguity. It assumes that probabilities of observable events, are random and are dominated by unobserved, with a second-order probability. In this framework a complete separation between risk and ambiguity and between preferences and beliefs is obtained. This allows us to measure the degree of ambiguity. In this model, random probabilities are subjectively interpreted by decision makers in a nonlinear way, characterized by probabilistic sensitivity to ambiguity. Ambiguity aversion, thus, takes the form of subadditive (subjective) probabilities (i.e., the probabilities add up to number smaller than 1).
2 Other models that relax the reduction between first and second order probabilities include Klibanoff et al. (2009 ), Ju and Miao (2011 ), Hayashi and Miao (2011 ), Ergin and Gul (2009 ), Nau (2006 ), and Chew and Sagi (2008 .
In this context, when ambiguity is present, ambiguity loving implies a superadditive probability measure (i.e., the probabilities add up to number greater than 1).
The Shadow theory developed in Izhakian (2011) extends the Choquet expected utility of Schmeidler (1989) and Tversky and Kahneman's (1992) cumulative prospect theory.F 3 F
Using
Wakker's axioms (Wakker 2010) it models reference-dependent beliefs in a two-sided Choquet expected utility framework for losses and for gains, separately. Shadow theory assumes that the financial decision maker (henceforth DM or investor) has a reference point that separates losses from gains. Outcomes that are lower than this reference point are considered a loss and outcomes which are higher than the reference points are considered a gain. The reference point in Izhakian (2011) serves as the reference that separates the probabilities of gains from the probabilities of losses. The volatility of these probabilities is used in measuring the degree of ambiguity.
Attitudes toward ambiguity are formed with respect to this degree of ambiguity.
The implication of a subadditive probability measure for asset prices is that there is an ambiguity premium in addition to the conventional risk premium. The conventional risk premium is the premium that a DM is willing to pay for replacing a risky bet by its expected outcome. The ambiguity premium is the premium that a DM is willing to pay for replacing an ambiguous bet by a risky, non ambiguous, bet with an identical expected outcome. The uncertainty premium is the total premium that a DM is willing to pay for replacing an ambiguous bet by its expected outcome, i.e., it contains both, a risk premium and an ambiguity premium.
Let r be the random return on an asset,   U  be the utility function, for risk and     be the sake function for ambiguity. The uncertainty premium is provided by
where R is the risk premium and the second component, A , is the ambiguity premium. The parameters P L and P G are the random probabilities of loss and of gain, respectively. The 3 Cumulative prospect theory, developed by Tversky and Kahneman (1992) , generalizes the original prospect theory by Kahneman and Tversky (1979) . It modifies the probability weighting functionals of the original prospect theory, such that it always satisfies stochastic dominance and supports an infinite state space.
expectation   E P L and   E P G are taken with respect to the likelihoods of the possible probability measures; i.e. with respect to the second-order probabilities. That is,
where k r the reference return which distinguishes losses from gains and i  is the probability of the probability distribution P i .
The expected return is   E r , where the expectation of the outcome is evaluated using the expected probabilities for each outcome. It combines two expectations; with respect to the random outcomes and with respect to the random probabilities. The parameter
is Izhakian's measure of ambiguity, which is four times the variance of the probability of loss or four times the variance of the probability of gain, which are taken with respect to the second order probability distribution  .F 
Equation X (3)X defines the premiums required by investors for bearing risk and ambiguity associated with holding the asset.
Intuition
To provide some intuition with regard to the measure of ambiguity, However, concerning the variance of probabilities, the question is; to the probability of which event is the variance applied. The natural choice would be the probability of the cumulative event of gain or the probability of the cumulative event of loss, for which the variance is identical since the event of loss is the complement of the event of gain and the objective probabilities are additive. Computing the variance of the probability of loss yields
which in turn indicates a degree of ambiguity of 0.2   . Notice that the degree of risk has not changed since the variance is computed using the expected probabilities
The risk-ambiguity model
Assume an economy in which the returns on all assets are normally distributed. The return on the market portfolio, m r , is, therefore also normally distributed. The representative investor in this economy uses the risk free rate, f r , as the reference point relative to which he classifies outcomes as a loss or a gain. That is, any return on the market portfolio lower than f r is considered a loss and any return higher than f r is considered a gain. Formally, the probability of loss takes the form
where     stands for the standard normal cumulative probability distribution. Recall, that in Shadow theory when ambiguity is present the variable P L is random since the normal probability distribution is governed by the random parameters  and . We assume that ratio of these two parameters,  and  , is normally distributed and that    
To allow tractability, and without loss of generality, the representative investor in our economy exhibits constant absolute risk attitude (CARA) and constant absolute ambiguity attitude (CAAA)F 5 F.
The uncertainty premium, defined by Equation X (3)X , is thus simplified to
where
 is the coefficient of the investor's risk aversion and  is the coefficient of ambiguity aversion.
A positive (negative)  implies risk aversion (risk seeking), while a positive (negative)  implies ambiguity aversion (ambiguity seeking).
The expected return on the market portfolio, m r , less the risk free rate, also called excess return, thus takes the form 5 Though we assume CRRA for risk, we assume CAAA for ambiguity. The literature usually documents CRRA for investors, see for example Kachelmeier, and Shehata.(1992) , Chetty (2006), Schechter (2007) and Cohen and Einav (2007) . CRAA means that the impact of the attitude toward ambiguity on the subjective probabilities of an event is decreasing with its expected probability. That is, the subjective probabilities of highly likely events are less affected by individuals' attitude toward ambiguity.
Whereas, CAAA means that the impact of the attitude toward ambiguity on the subjective probabilities of an event is independent of its expected probability. We find that CAAA is more reasonable. Technically, the subjective probability of event j takes the
, where E j P     is the expected probability of event j ,
is the coefficient of ambiguity attitude and 2 j  is the degree of ambiguity of event j measured by the variance of the probability, see Izhakian (2011) . Therefore, for CRAA, the subjective probability is
and for CAAA the subjective probability is
where the risk premium is   
The effect of uncertainty on the return is now represented by two terms; a risk term and an ambiguity term. Each is measured separately and has a different effect on the excess return. In the next section we present the empirical tests of this model. We first provide the methodology that we use to measure the variables, especially the ambiguity measure, and then we apply the model to empirical tests.
Data and methodology

Data
The main body of data used in the empirical research is intraday trading data (prices and volumes) on the exchange-traded fund SPDR (Ticker: SPY) taken from the TAQ database. We use the SPDR as a proxy for the market portfolio and not the S&P index itself since the SPDR trades continuously, while the index contains illiquid stocks and so its values are stale. Since this ratio is distributed normally, extreme values of daily  will get very little weight in the monthly estimate of  and  of  . The variation of the probability of loss, P L , is due to the variation of the ratio  . A closer look at the variation of this ratio shows that it is mainly driven by the variation of  . Over the entire sample the standard deviation of  , in terms of daily return, is 0.641% while the standard deviation of  is only 0.211%.F
17
The risk factors are estimated from the daily variances over the month. We compute the mean of the variance, MVAR, and the variance of variance VVAR for every month. As controls, for each day we also compute the skewness and the kurtosis, and for each month the average skewness (MSKW) and the average kurtosis (MKRT). Using these variables, we next test the risk 15 To check for robustness, we formed randomly (without repetition) groups of 26 observations and computed a mean and a variance for each group. Since the results of this method were not significantly different from the first method, we conducted our tests using the first method. 16 It can be shown that the density function of the random variable P L as a function of the normally distributed random variable  is uniform. 17 We would like to emphasize that mean realized returns measured over short intervals are very poor proxies for annual expected return (i.e. their standard error is very large). In our context, however, we derive the daily probability of loss from a distribution of the ratio of  and  , which gives very little weight to extreme observations. This results in very reasonable estimates of the expected probability of loss. On the average the probability of loss should be lower than 50%. In our sample the average probability of loss is 49.75%, even though in some days the realized probability of loss exceeded the 50%. The standard deviation of the probability of loss over the entire sample was 1.5%. and ambiguity effect on monthly returns, i.e., Equation X (9)X is subjected to regression tests presented in the next section.
Descriptive statistics
The dependent variable is the monthly return on SPY, which serves as a proxy for the return on the market portfolio, m r , minus the risk free rate, f r ,which is the 1 month T-bill rate.
The market return, m r , is computed using the opening price on the first trading day of the month and the closing price on the last trading day of that month, and it is adjusted for monthly minutes return of the last day in the month (converted to daily). CVIX 2 is the closing squared VIX on the last day of the month (converted to daily). DVAR is the change in variance from the last day in month t-1 to last day in month t. DVIX 2 is the change in squared VIX from the last day in month t-1 to last day in month t. Figure 2 depicts the distribution of  in the period 1993 to 2010. The distribution of  is almost symmetric around its mean of 16%.
Since our model predicts that the excess return should be affected by the ambiguity measure   in a linear manner, we use   , rather than  , in our tests. Table I, To get a more intuitive feel for the measure of ambiguity we can look at  (not   ).
During the period 1993 to 2010, the mean level of ambiguity,  , is about 15.6 percent, while its 18 The variance of MVAR is the variance of the monthly average variance calculated for each day separately. The variance of the parameter VVAR is the variance of the monthly variance base on the intraday variance.
19 Since we also test the case of constant relative ambiguity aversion (CRAA), the summary statistics of the normalized, relative ambiguity measure, The main concern is how it may affect the OLS estimator in our regression tests. We therefore conducted first the tests proposed by Amihud and Hurvich (2004) and then used the regression test.
[ INSERT There are a few cases where the degree of ambiguity is higher than 20% or lower than 10%, which is very rare.
[ INSERT FIGURE 2 ] 
Empirical results: testing the effect of ambiguity and risk on excess returns
Theoretically, the effect of ambiguity and risk on the expected excess returns, presented in Equation X (9)X , assumes that investor exhibit constant relative risk aversion (CRRA) and constant absolute ambiguity aversion (CAAA).F 20
F
In table IV we present the results of the regression tests where the dependent variable is the excess return and ambiguity and risk are the independent variable. We assume that the observed excess return is the best estimate of the expected excess return and so it is for the other variables like measures of expected risk by the daily variance.
In table IV the independent variables are measured contemporaneously with the excess return. F
21
F
So the return in month t is explained by the ambiguity in month t, by the variance in 20 We also tested our model for the case of constant relative ambiguity attitude (CRAA). The results were not significantly different than the results for the CAAA case. 21 The values of the Durbin-Watson (DW) test indicate that we don't have a serial correlation issue. month t, etc. We first used only ambiguity to explain the excess return and found that the ambiguity effect is negative and highly significant. When MVAR and VVAR were included, the R 2 has increased from 5% to 18% but we were puzzled by the sign and significance of the MVAR coefficient, which was negative while we expected MVAR to be positive. Since these realized values may be poor proxies for expected variance and variance of variance, MVIX 2 and VVIX 2 were used as estimates of the expected risk measures. MVIX 2 turns out to be non significant but VVIX 2 is negative and significant. We also included a measure of Kurtosis, denoted MKRT, to see whether the measure of ambiguity is possibly a proxy for Kurtosis, which turns out to be non significant and does not affect the significance of ambiguity.F
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The results in table IV show that ambiguity is an important variable in explaining excess returns and is not a proxy for other possible factors. However, we did not find our measures of risk to have the effect dictated by our fundamental paradigm that implies a positive relationship between risk and return. In general, past empirical studies have not provided conclusive evidence, especially the time-series tests. French, Schwert and Stambough (1987) is possibly the best known time series study that provides results that could be interpreted as supporting the basic theory, though they also come up with some mixed results. Since they only had a long time series of monthly data, we thought that the use of daily data (constructed from intraday data) may provide us with more promising results. In fact, our contribution is twofold. First, we argue that there is a missing variable, namely ambiguity. Second, we use data that are more fine-tuned to test the basic relationship between risk and return. In our tests we also argue that the measure of risk is orthogonal to the measure of ambiguity, which we observe in the low correlation of these two measures.
[ INSERT even stronger result, the R 2 is about 46 percent. The ambiguity measure turns out to be significantly negative in any specification of the determinants of excess return. As stated in the introduction, previous evidences regarding the attitudes of ambiguity are mixed at best. Our results are consistent with the studies that show ambiguity loving. The effect of risk, measured by the unexpected change in volatility, can be interpreted as "indirect evidence of a positive ex ante relation" (see French, Schwert and Stambough (1987, p. 4) ).
[ INSERT (1987)), it is on the high end indicating strong aversion to risk. The investors' coefficient of constant absolute ambiguity attitude, however, indicates that investors are typically ambiguity lovers characterized by a coefficient of ambiguity loving of -0.2. To the best of our knowledge, this is the first empirical study which provides an estimate of the degree of the attitude toward ambiguity.
At first it seems puzzling that investors exhibit risk aversion and ambiguity loving at the same time. To explain this puzzle let's assume two assets with identical expected return, but the first asset has a random probability of loss/gain and the second asset's probability of loss/gain is equal to the expected probability of loss/gain of the first asset. By definition, an ambiguity lover prefers the first asset over the second asset. In our setting, returns are normally distributed, yet with random mean and random variance, such that if
then the investors prefers the first asset with the random probabilities over the second asset with the constant probabilities. Since the returns on assets are assumed to be symmetrically distributed, a rational investor who maximizes expected return also minimizes the probability of loss. Thus, if inequality X (10)X holds a rational investor prefers the asset with the random probability. In other words, he must exhibit ambiguity loving.   . The y-axes depicts the probability of loss and the x-axes depicts the adjusted reference point (adjusted to the standard normal distribution). Given the random probabilities of loss, the expected probability of loss is
Assume now a second asset with constant mean,
and constant standard deviation,
The probability of loss of this asset is Figure 3 shows a case where the expected probability of loss is smaller than the probability of loss conditional on the expected mean and the expected variance, i.e.,
[ INSERT FIGURE 3 ] To check empirically that inequality X (10)X holds, for each month we compute monthly (i) the expected probability of loss assuming that the mean and variance governing the probability of loss are random and (ii) the probability of loss using the expected mean and expected variance in that month. The average expected probability of loss using (i) is 49.74%, while using (ii) the probability of loss is 50.17%. The difference between (i) and (ii) is negative (-0.43%) and significant (t = -2.06). This result proves that the expected probability of loss when the parameters of the distribution are random, is lower than a constant probability of loss, using the expected parameters. A rational investor, who minimizes the expected probability of loss, prefers (i) over (ii) and therefore by definition he is an ambiguity lover.
Behavioral studies of decision making under ambiguity document that sometimes decision makers exhibit different attitudes toward ambiguity after facing a loss compared with the case where they face a gain (see for example, Bier and Connell (1994 ), and Chakravarty and Roy (2009a , 2009b ). Different attitudes toward ambiguity can be either different levels of ambiguity aversion/seeking or a change in attitude from ambiguity aversion to ambiguity seeking. We tested this hypothesis and found no evidences for different attitudes toward ambiguity. Ambiguity loving was observed for gains and for losses and the degree of ambiguity loving after facing a loss was not significantly different than the level of ambiguity loving after facing a gain.
Conclusions
The basic tenet in asset pricing is the relationship between risk and return, which has been tested a multitude of times using a variety of models and factors. While this relationship could be tested on the market as a whole using time series data, most of these tests were crosssectional. The results of these tests are mixed at best. In several studies the factor that measures the risk of the asset has a negative coefficient or is non significant while other factors (e.g. liquidity or liquidity risk) turn out to have the desired sign and are significant, which is a puzzle.
One possibility is that the missing variable is ambiguity. In this study we introduce for the first time a measure of ambiguity, developed in Izhakian (2011) . We use it in conjunction with measures of risk in time series tests.
We claim that excess return on the market as a whole, known as the equity premium, is determined by two orthogonal factors; ambiguity and risk. We measure risk in a variety of ways, e.g., using rate of return variance and implied volatility. Our principle hypothesis is that both of the factors affect the excess return. While, consistent with our asset pricing paradigm of risk aversion, we expect, that the measures of risk will be positively related to the excess return, we have no a-priori view of the effect of ambiguity. The results that we obtain are rather encouraging. The effect of ambiguity is negative and highly significant in all the tests that we employ. This is consistent with several recent studies that show that financial decision makers tend to be ambiguity loving. The effect of risk is generally positive, which is consistent with risk aversion but its significance depends on the risk measure that we use. The best result that we obtain is when we use the unexpected change in volatility as the explanatory variable. Though this is an indirect test of the effect of risk on return, it provides the strongest evidence and is consistent with the results obtained by French, Schwert and Stambaghu (1987) . Each column depicts the number of observations observed in the range describes on the x-axes.
Figure 3: Ambiguity Loving
This figure describes the probability of loss as a function of the threshold differentiating gains form losses, when to probability distribution is normal. The y-axes depicts the probability of loss and the x-axes depicts the value differentiating gains from losses. It assumes two possible normal probability distributions characterized by   
